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Scientific number notation

60200...0 = 6.02 x 10
N—_——
21 times
p—1

tdo.didy...dp1 % f =) dif ™' x B (0 < di < B)
i=0

602 x 1021 = 6.02 x 10?3 = 0.602 x 10**

TV
unnormalised normalised unnormalised
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Floating point numbers

p—1
ddydidy . ody oy x =1 dif T x B (0< di < )
i=0

B =2

0.139 ~ +1.100110011001100110011015 x 2%

® Sign (of the significand)
@ Exponent
@ Significand (mantissa, fraction)
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IEEE 754 Standard

Binary (8 = 2, (IEEE 1985)) and decimal (8 = 10, (IEEE
2008)) formats

Single, double, single-extended and double-extended
precision (IEEE 1985), half-precision (16 bits), quad
precision (128 bits) and octuple precision (256 bits) and
longer interchange formats (IEEE 2008)

Special values: not-a-number(s) (NaN), infinities (+o00),
signed zeroes (£0)

Denormalised numbers
Roundoff control

Masked exceptions

Specifies precision of operations

Saulius Grazulis Floating point numbers Vilnius, 2021



IEEE 754 Standard encoding

@ Significand: represented as signed magnitude

e Exponent: uses biased representation (excess 2! — 1 for n
exponent bits)

e Exponent range: —(2"! —2) — +(2"1 - 1)
(e.g. —126 — +127 for the 8 bit eksponent)

@ Fraction (significand): hidden (assumed) bit used for
normalised numbers

0.119 ~ 1.100110011001100110011015 x 2%
Example: 0.1 in single precision FP:

p: 23 +1 bit e: —126 — 127 (8 bits ); bias = 287! — 1 =128 — 1 = 127
f= 1.10011001100110011001101
e= 127 + (-4) = 12355 = 01111011,

0 01111011 10011001100110011001101
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Normal(ised) numbers

0.1562510 =  0.00101y = +1.01 x 273
~——
not normalised
e =127+ (—3) = 124y = 01111100

Representation:
Float 32 (float; single precision):

0 01111100 01 00...0
~——

21 zero
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Denormalised numbers

1.09 x 2713010

For a single precision floating point,

€min = —126190 = Can not normalise!
Note that:
emin + bias = 12719 4 (—12619) = 1 = 0000_0001,

For the 0000_0000 biased exponent, interpretation is changed:
0 0000 0000 000100...0 = +0.0001, x 2712610 = 10 0625,, x 2712610
~——r

19 zeros

exponent is —126, not —127 !
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Why bother about denormalised numbers

Gradual underflow

-126

2 _ 2127*(2_2—?_3) _

underflow overflow

2712 reshold threshold
B R -0 and +0 ~ .
2 128 2 124 2 125 ‘ l 2 125 2 124 2128
¥ ¥ ¥ 4 t ¥
normalized normalized
negative positive

numbers numbers

%(_/

denormalized
numbers

(Engelen 2008)

if (a '=b) { x = a/(a-b); }
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Zeroes

0 00000000 00...0 =0
—

23 zeros

100000000 00...0 = -0
—

23 zeros
1
=00
0
1
_— = -0
—0

if (a > b) { x = log(a-b);

(Engelen 2008)
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Still not used the all 1s exponent, 1111_1111

011111111 00...0 = o0
——

23 zeros

111111111 00...0 = —00
—

23 zeros
1
—=+400; — =40
0 +
1 1
— =—-00; — =-—0
- —00
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Not a number: NaN

011111111 11...0 = gNaN
—

not all 23 positions are zeros

011111111 01...0 = sNaN
——

not all 23 positions are zeros

Operations that produce NaN:

Operation NaN produced by

+ 00 + (—0o0)

X 0 x o0

/ 0/0, co/c0

rem 0 rem 0, oo rem oo
v Vx Vx<0

(Goldberg 1991)
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Comparison of NaNs

@ Any comparison to NaN returns false = when x < NaN fails,
this does not imply x >= NaN

e l(x<y)sx>y
@ (x == y) == FALSE when x == NaN
@ Can not sort array of floats with NaNs

(Engelen 2008)
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Using NaNs

For single precision FP, NaNs contain 21 “free” bits
For double precision FP, NaNs contain 50 “free” bits

exponent fraction
sign (11 bit) (52 bit)
I
| b T[T EEELTTTTTTTTTTITTTOTTTH:
o o o
63 52 ’ 0

at least 32 bits free! Enough for a
32-bit pointer...

@ Dynamic languages (e.g. JavaScript) use “boxed NaN
values”

@ sNaN is useful for catching uninitialised values

@ gNaN can represent unknown/unspecified values
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Summary: IEEE 754 special values

Exponent Fraction Denotes
€= €min — 1 f=0 +0

e = emnin — 1 f#0 +0.f x 2€min
€min < €< emax f=Vn +1.fx 2¢
e=éemnax +1 f=0 +oo

€= €emax +1 f#0, NaN

(Goldberg 1991)
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Single precision FP

32-bit number

S|gn exponent (8 blts) fraction (23 bits)
I°I [1]]r]]s |0|°I0| [0]o]o[o]o]o[o[o]o]o[o]o]o]o[o]o]o]o]o |0|°I 0.15625
31 30 2322 (bit index) 0

Vectorization: Stannered, CC BY-SA 3.0 via Wikimedia Commons
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Double precision FP

64-bit number

exponent fraction
sign (11 bit) (52 bit)
|
I
o [6) [$)
63 52 0

https://en.wikipedia.org/wiki/File:IEEE_754_Double_Floating Point_Format.svg
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Intel 80 bit extended precision

exponent Integer Part fraction
sign (15 bit) (1 bit) (63 bit)
| 11 1
I,
70 64 0

BillF4, CC BY-SA 3.0, via Wikimedia Commons
@ No hidden bit
@ Just enough precision to compute xY
@ Intended for intermediate results only

Saulius Grazulis Floating point numbers Vilnius, 2021 17 /26


https://commons.wikimedia.org/w/index.php?title=User:BillF4
https://creativecommons.org/licenses/by-sa/3.0
https://commons.wikimedia.org/wiki/File:X86_Extended_Floating_Point_Format.svg

Intel x87 FP registers

ol | st fpro
Word ST(7) fpr1
’ TOP |* ST(0) fpr2
B ST(1) fpr3
ST(2) fpra
ST(3) fprs
ST(4) fpré
ST(5) fpr7

79 0

13 13495

Figure 6-2. x87 Physical and Stack Registers
(AMD 2017)
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Floating point status flags

151413121110 9 8 7 6 5 4 3 2 1 0
c clc|c|e|s|P|u|o|z|D|1
Bla| TP |2|1|o|s|FlE|E|E|E|E|E
Bits Mnemonic Description
15 B x87 Floating-Point Unit Busy
14 C3 Condition Code
13:11 TOP Top of Stack Pointer
000 = FPRO
111 =FPR7
10 Cc2 Condition Code
9 Cc1 Condition Code
8 co Condition Code
7 ES Exception Status
6 SF Stack Fault
Exception Flags
5 PE Precision Exception
4 UE Underflow Exception
3 OE Overflow Exception
2 ZE Zero-Divide Exception
1 DE Denormalized-Operand
Exception
IE Invalid-Operation Exception

Figure 6-3. x87 Status Word Register (FSW)

(AMD 2017)
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Floating point control flags

15141312110 9 8 7 6 5 4 3 2 1 0
Reserved | Y 2 g Res 'CI '\Lj 8 '\ZA ’3 ’\IA
Bits Mnemonic Description
12 Y Infinity Bit (80287 compatibility)
11:10 RC Rounding Control
9:8 PC Precision Control
#MF Exception Masks
5 PM Precision Exception Mask
4 Um Underflow Exception Mask
3 oM Overflow Exception Mask
2 M Zero-Divide Exception Mask
1 DM Denormalized-Operand Exception Mask
0 IM Invalid-Operation Exception Mask

Figure 6-4. x87 Control Word Register (FCW)

(AMD 2017)

Saulius Grazulis Floating point numbers Vilnius, 2021



Floating point properties

@ Guaranteed precision of single operations
Except where stated otherwise, every operation shall be per-
Jormed as if it first produced an intermediate result correct to
infinite precision and with unbounded range, and then rounded
that result according to one of the attributes in this clause.

(IEEE 2019), sect. 4.3
@ Each representable number has a single representation

@ FP numbers are ordered as signed magnitude integers!
All of the possible single-precision entities are well ordered in
the natural lexicographic ordering of their machine representa-
tions interpreted as sign-magnitude binary integers

(Cody 1981)
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Example: FP 16-bit code

gcc -c¢ =S \
-m16 -03 --omit-frame-pointer \
-0 single-precision.asm single-precision.c

parallel:
.LFBO:
.cfi_startproc

float parallel( float x, float y ) 1.11‘
ds

{

return xxy/(x + y); fld
} fxch
faddp hst, hst(1)
fdivrp  %st, %st(1)
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Example: FP 64-bit code

gcc

-c =S \

-03 --omit-frame-pointer \
-0 single-precision.asm single-precision.c

parallel:
.LFBO:

float parallel( float x, float y )

{
return xxy/(x + y);

}

mov

Saulius Grazulis

.cfi_startproc

%xmmoO ,
%xmm1 ,
%xmm1 ,
%xmmoO ,
%xmm2 ,

%xmm2
%xmm0
%xmm2
%xmm2
%xmm0

Floating point numbers

Vilnius, 2021
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Floating point alternatives

@ Rational arithmetic
@ Tapered floating point
@ J. Gustafson’s Unum number system (Gustafson 2015)

@ Logarithmic number systems (Coleman et al. 2008; Ismail
et al. 2011)
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Take home messages

@ Floating point numbers approximate mathematical real
numbers

@ Usually a normalised representation is used
@ Special codes are used for denormalised numbers,
infinities, NaNs, +0

e Each IEEE 754 floating point (FP) entity has a unique bit
representation, and each bit representation represents an
FP entity

@ Some FP objects (e.g. NaNs) have mathematical properties
(e.g. in comparisons) different from those of regular real
numbers

@ Alternatives and further developments of FP arithmetic are
being researched
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